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Abstract

In this paper we study controllability of a class of
discrete-time systems arising in Hamiltonian dynam-
ics. In particular, we consider a two-dimensional
integrable twist map with time-dependent (control)
perturbation. In contrast to the time independent-
perturbation case of the Kolmogorov-Arnold-Moser the-
orem, no invariant structure survives if the perturba-
tion is made a function of time. Using results from
ergodic theory, we show that global controllability is ob-
tained using arbitrary small control input.

1 Introduction

Control of Hamiltonian systems is a topic that has re-
ceived a lot of attention lately [11]. Besides the intrinsic
beauty of the subject, this is due to a number of excit-
ing applications such as satellite control {5], quantum
control (6, 7], and control of mixing [8, 12].

In this paper we combine the control-theoretical and
dynamical systems point of view to study a class of
systems that are well understood from the dynamical
systems perspective: perturbations of integrable planar
twist maps [16]. These two-dimensional maps defined
on an annulus arise from discretization of continuous-
time Hamiltonian systems. Integrable twist maps on an
annulus have very simple dynamics given by (z,y) —
(z + G(y),y), G'(y) > 0, where = and y are the usual
Cartesian coordinates on the plane and z is considered
mod 1.

Thus, all the initial conditions stay at the same y for all
time and y = const. is an invariant manifold for the dy-
namics. One of the most famous results in dynamical
systems, the Kolmogorov-Arnold-Moser (KAM) the-
orem [1] (in Moser’s version {16]) considers a time-
independent perturbation of an integrable twist map.
Under the condition that every curve y = const. inter-
sects its image under the perturbation, KAM theorem
states that the majority of initial conditions stay on 1-
dimensional invariant curves close to the unperturbed
invariant curves on which G(y) satisfies the Diophan-
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tine condition (strong irrationality). It is commonly
stated that unperturbed invariant curves that have suf-
ficiently irrational dynamics “persist” under perturba-
tion. The question that we ask here is, how does this
change if we allow (bounded) time-dependence of the
perturbation? We prove under weak conditions that,
for arbitrarily small time-dependent perturbations, ev-
ery unperturbed invariant curve disappears and global
controllability is achieved. This is in marked contrast
with the KAM result.

This paper is organized as follows. In Section 2 we
discuss the dynamics of twist maps. Section 3 consists
of basic definitions. Main results follow in Section 4,

‘simulation results in Section 5, and the conclusions is

in Section 6.

2 Dynamics of twist maps

In this section we study the two dimensional integrable
twist map F defined on an annulus A = S! x [a, 8]
and its perturbation. Here 8! := R/Z := [0,1) denotes .
the circle. R/Z is an equivalence class with ¢ = y if
r—y €Z. A twist map F': A — A is called integrable
if it is of the form

F(z,z) = (z + G(2), 2), 1
where z € 8! = R/Z,z € [0, 8] with0 < a < y <
B, and G'(z) > 0. Given any initial state or initial
condition (z, z) € S! x o, 8], the map F tells us where
this initial state will be in the next iterate which is
F(xz,2). Similarly F(F(z,z)) = F?(z, z) tells us where
F(z,z) will be in the next iterate, and so on. Under
the action of this map, each point z € S? is rotated by
a monotone function G and point z € [a, 8] is mapped
onto itself. From the dynamics of the map, it is clear
that, for any given z € [a, 3], the circle of the form
S! x {z} is invariant under the action of the map; i.e.,
for any (x,2) € S x {2}, F(z,2) € St x {z} .

There are two different types of dynamics are possible
on each of these invariant circles. For each rational
value of G(z) = 5—, where p and g are integers, the

invariant circle S! x {2} consists of ¢ periodic orbits. As
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a matter of fact, if we denote by F'?, the composition
of F q times, then it is easy to see that F9(x,z) =
(z + qg, Z) = (z,z). However, for irrational values of
G(Zz), iterates of any initial condition (z,%) € A are
never mapped again to the same point; therefore for all
irrational values of G(Z) these invariant circles consist
of dense orbits.

Since G(z) is a monotone function, map F' can be sim-
plified by defining a new coordinate y = G(z). Af-
ter the coordinate transformation we get a new map
F: A— A defined as

F(z,y) (z+y,9), 2
where a = G(a) < y < G(B) = b. We are interested
in studying the dynamics of this map subjected to ar-
bitrary small time-dependent perturbations. Since we
want to study the controllability property of the per-
turbed twist map T, we will write it 7: AxU — A as

a discrete time system in the following form:

(5 )=

where z € S, y € [g,b] with 0 < a < y < b, and
u € U = [-1,1] . Instead of making f and g ex-
plicit functions of time, we introduce the time depen-
dence in the form of u(t). We assume that f and ¢
are at least C! (differentiable function with continuous
derivative) and periodic in z i.e., f(z +1,7) = f(z,y)
and g(z + 1,y) = g(x,y) and g satisfies following reg-
ularity condition. There exists § > 0 and ¢ > 0 such
that

xy + ye + eu(t) f(ze, ye) (mod 1)
yr + eu(t)g(ze, 1)

Te41
Yt+1

iz : |h(z,y)| > 9} > 6 for any fixed y € [a,b] (4)

This map is thoroughly studied in reference [16] for the
case of time-independent perturbations where f and
g are analytic and periodic in z. It has been proved
that for time-independent perturbations some invariant
curves of the form y = ¢(z) = ¢(z + 1) will survive, if
the perturbed map satisfies the intersection property.
The map is said to satisfy the intersection property
if a curve y =constant intersects its image curve un-
der the action of the map. We will show that if the
perturbation is made a function of time, not only no
invariant curve survives, but global controllability can
be obtained. In other words, a sequence of control in-
puts {u;} exists which can steer the system from any
given initial state to any final state. As in [16}, we also
assume that the map satisfies the intersection property,
but the global controllability results hold true even if
the map does not satisfy it. The intersection property
on the map is imposed by assuming that g(v¥(y),y) =0
for some smooth function ¥ : (a,b) — R.

) ®

4649

3 Basic definitions

For a discrete time map, the time ¢ takes integer values
,t € Z. Since f and g are assumed to be C!, the
map T: Ax U — A is of class C'. To be precise,
we mean that there exists a C! extension of T to an
open neighborhood of Ax U. For each fixed i, the map
Ts: : A— A is defined as

Tﬁ (IE, y)

In particular, if we consider the map T,, associated with
the map T in (3), we can prove that for € sufficiently
small such that e - max(l L], l sb I 21, |'9 ) < 1, the
map T is invertible for each ﬁxed u. Thls can be ver-
ified as follows. For each ﬁxed u, we have T. (zt,yt) =
@1, ve41). Let Tu(z,y,2',y) = Tu(z,y) - (=,y)
then T, (@4, Yt Te4+1, Ye+1) = 0. If det |a(z y)| # 0, then
by implicit function theorem we know that there ex-
ists an open neighborhood N of (:1: Y ) = (Te41,Yt41) -
and a unique function T : A — A such that -

TATs (Azl,yl),:c’,y') = 0. So, we need to verify that

det|4—a?§y)| £0

T(z,y,u).

I P R cwt)3L 1+eu(t)PL
et |8(x, y) = eu(t) g-;l 1+ eu(t)
= 1+eu(t)(—g—f+? “—)+0(62) #0.

So for sufficiently small € map T is invertible. Since
for each fixed u, T, is invertible we can associate an
inverse time map with equation

T, (zt41)-

The maps T, and T, can be considered as one-step
-forward and one-step-backward maps, respectively.
The composition of these maps obtained by applying
sequence of control inputs ug,..ux is denoted respec-
tively by

I

) T“ky--:"ﬂ = Tuk °..0 Tuo
and
Torrno = Tygo.oTy,.

Let S (z) be the set of points attainable from z in k&
forward steps and ST (z) the set of points attainable
from z in any positive number of forward steps. Let
S, () be the set of points controllable to x in k for-
ward steps and S~ (z) be the set of points controllable
to z in any positive number of steps.

Definition 3.1 The system is said to be controllable
if for any given initial state (zo,yo) and eny final
state (xy,ys) there exists a sequence of control inputs
ug, .., uk such that Ty, | uo(zo,y0) = (zf5,y5).



Definition 3.2 The system is backward accessible
from z if the set of points controllable to x (i.e., S™(z))
has a nonempty interior. The system is said to be
backward accessible if it is backward accessible from all
points.

4 Main result

Theorem 4.1 The invertible twist map (3) with f and
g C! functions satisfying the intersection property and
g satisfying the reqularity condition ({) is globally con-
trollable for arbitrary small € if and only if every in-
variant manifold of the unperturbed map (¢ = 0) is not
invariant for the perturbed map (e #0).

Proof : We will prove the necessary part first. As-
sume that the condition in the theorem is not satisfied
i.e., there exists an invariant manifold M of the unper-
turbed map which remains invariant for the perturbed

map. Consider any initial state (zo,y0) € M, then

Ty, ..,u0(Z0,y0) € M for any sequence of control inputs
{u:} by definition of invariant manifold. Hence, any
initial state (z,y) € M is uncontrollable.

~ To prove the sufficient condition, we will use the fol-
lowing proposition.

Proposition 4.2 The invertible twist map (3) satisfy-
ing the intersection property is globally controllable for
arbitrary small € if and only if the following controlla-
bility conditions are satisfied.

1. For any given fized y € [a,b], g does not vanish
identically.

. For all yg\z € Q\ Z:

If 9(Z,yo\z) = 0, then let Ax(Z) = {zr : zx =
:7:+kyQ\z+6u(k—1)f(.’tk_1,yq\z)}. Ar(Z) ts the
set of all points which can be reached from T on
kt* iterate with fited y = yg\z. We assume that
there exists an integer k; € Z* such that x' €
Ak; () and g(z, Yo\z) # O for the first time.

8. Forallyz € Z:

(a) f and g does not vanish simultaneously; i.e.,
if f(z1,9z) = 0 and g(z2,yz) = 0, then

n o AND

If g(Z,yz) =0, then let Bx(Z) = {zk : 1 =
Z + eu(k — l)f(:ck_l,yz)}, we assume that
there exists an integer ky € Z% such that
T € Bk; (z) and g(:c',yz) # 0 for the first
time. -

(b)
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Proof :We will prove the sufficient part first. We will
show that if the condition in the theorem is satisfied,
then the system is controllable. To prove this, we will
make use of two lemmas:

Lemma 4.8 The invertible twist map (8) is backward
accessible

Proof | Consider any point (z7,y5) € A. We have to
show that the set of all point controllable to (z¢,yy)
contains an open set. Let

u = Tu—,,uo(zf:yf) = Tu_l OTJD(zf,yf), (5)
S0
u = {(xyy) : z+2y+6uo(f(z7y)+g(1',y)) +
eur f(z1,y1) — 25 = 0, y + evog(x, y) + eurg(z1,31)
~ys = 0, with up € [-1,1] and vy € [-1,1]},
where-

zy=z+y+euf(z,y), y1=y+ eug(z,y).

Let

fi(@, v, 0, u1) = T + 2y + euo(f(z, v) + 9(z, v))
+euy f(z1,41) — Ty

Q)

fo(z, v, wo, u1) = y + euog(x, y) + eurg(z1, v1) — vy, (8)

then fi(zy — 2y7,45,0,0) = 0 and fa(zy —

2y5,95,0,0) = 0 and

b on on

D({;,fz;)=l z 9 —1+0(e) #£0
Y Oz dy (z5—2ys,y5,0,0)

Hence, by the implicit function theorem, there exists an
open neighborhood O of (up,u;1) = (0,0) and unique
functions ¥; and ¥, defined on O and taking values in
R such that

F1(¥1(uo, 1), o (uo, u1), uo, u1) =0

fo(¥1(uo,u1), Yo(uo, u1), uo,u1) =0

for all (ug,u1) € O. This proves that the inverse image
of (zf,ys) contains an open set. [ ]

9)
(10)

Lemma 4.4 Given any initial state (xo,yo) € A, there
exists a finite sequence of control inputs {uo, .., ue—1}
such that ye is irrational and arbitrarily close to yo,
where (x¢,ye) = Tu,_1,... ,uo (%0, Y0)-

Proof : If yo is irrational, then £ = 0. If yo is rational,
then we can consider two different cases: g(zo,y0) =0
and g(zo,y0) # 0.



e When g(zo, yo) # 0, then y1 = yo+€u(0)g(zo, yo)
can be chosen to be irrational by properly select-
ing the value of u(0). Since irrational numbers are
dense in [0, 1), y; can be made arbitrarily close to
yo by making u(0) sufficiently small. So for this
case £ = 1.

When yo is rational and g(zo,y0) = 0, we can
again consider two different cases : yo € Q\ Z
and yo € Z.

— When yo € Q\ Z and g(zo,y0) =0, t,hen we
know that there exists an integer k; € Z*
such that z € Ak;(zo) and g(z ,yo\z) #

0 for the first time. Since k; is such that
g(:x:kr1 »Yo\z) 7 0 ,for the first time Yy, = Yo-
With g(mk;,yQ\z) # 0, Yy, 41 CBD be made

irrational with proper choice of u(k;) since
Y, 41 = Yk, +eu(k)g(Ty yo\z2)-

Y, 4y CaN be made arbitrarily close to yo

by making u(k; ) sufficiently small and hence
l= k; + 1 for this case.

When yo € Z and g(zo,y0) = 0, then we

know that f and g do not vanish simulta- -

neously and there exists an integtler k; €zt
and z € Bk;(zo) such that g(z ,yz) # 0.

With g(z,/,y0) # 0 and y,+ can be made
K, k)

irrational with proper choice of u(k;)

Yelh1 = Yy fu(ké)g(lk;,yo)
where Yg! 1 CAD be made arbitrarily close to
Yo = Yi! by making u(k,) sufficiently small.
So £=ky+1.

The control strategy consists of turning on the input
(either positive or negative depending upon whether
Yo < yj or yo > yy and g(z,y) > 0 or g(z,y) < 0)
whenever |g(z,y)| > ¥ until yx belongs to small neigh-
borhood of yy . Once y; is steered to the neighborhood
of y5 input will be made zero till z; is steered to neigh-
borhood of zy.

Proof of the Proposition 4.2 : Let (zo,y0) and (zy,yy)
be the initial and final state, respectively. Since the
system is backward accessible by Lemma 4.3, the set
of points U controllable to (zy,ys) contains an open
set; hence there exists an open rectangle V C U. Let
71 (V) = V, and ma(V) = V, where 7 is the projection
map and m;(z1,T2) = z; for i = 1,2. We will show
that there exists a sequence of inputs {u:} such that
1 (T, w1 (0, Y0)) € Vi and ma (T, uy (Zo, ¥0)) € V.
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Starting with initial state (xg, yo), we know by Lemma
4.4 that there exists an integer ¢ such that y, is ir-
rational. Let § € V, be such that § — . p
is a rational number and let m € Z* be such that
E = a € (—€d,ed). With y, irrational the orbit of the
rotation map given by

Tip1 =T+ Yy (mod 1)

is dense in [0,1) for y; = ye; hence, there exists an inte-
ger ky — 1 such that |g(zeqr, -1, Ye+k,—1)| > ¥ since the
set of points {z : |g(z,y)| > 9} is of positive measure
by Lemma 4.4. With |g(Ze4k,~1, Yotk —1)| > O input
u(€ + k1 — 1) can be chosen so that

Yotky = Yo+k—1 T A=Y + Q.

Since control input u(t) =0fort =¢,.., ¢+ k; — 1, it
follows that yeyx,~1 = ye. Now yey, is still irrational
because ygk, —1 is irrational and « is rational. So again

“the orbit of the rotation map given by

Typ1 =2+ Yy (mod 1)

is dense in [0,1); hence, there exists an integer kz such

that |g(Zeqk, +k3—1, Yesrky+k,~1)| > 9 and, with proper
choice of u(f + k; + k2 — 1), we have

Yerky+khe = Yotrki+ko—1 + 20 = Yorr, + 20

Yok, +k, 18 still irrational; hence the above procedure
can be repeated m — 2 times to get

Yk =9
where K = £+ Y ;2  ki. Now yx = § € V, is also

irrational. With y irrational, the orbit of the rotation
map given by

Tep1 = Te + Yy (mod 1)

is dense in [0, 1) and hence there exists an integer n such
that zx1n € Vy. With 2g4n € V; and yx4n = yx €
Vys (TK+n,Yk+n) € YV C U. Since all the points of U
are controllable to (zf,yy), the system is controllable.

Now we will show that the conditions in the proposition
are also necessary for the controllability. Assume that
the Condition 1 is not true; i.e., there exists a § € [a, b]
such that g(x,§) = 0 for all z € S'. Consider any initial
state which is of the form (zo,y0) = (zo0,%). Then



Tu,..,u0(Z0, §) = (Tr+1, ) for any sequence of control
inputs since
Thyr = Tk + U+ eu(k)f(ze, ) (11)
Yepr = ¥

Hence, any initial condition (o, ) with o € S! is
uncontrollable.

Now assume that the condition 2 is not satisfied; i.e.,
there exists an § € Q\ Z and # € 8! for which there
exists no k € Z+ and 2’ € Ax(Z) such that g(z', §) # 0.
Then the initial state of the form (zo,y0) = (%,7) is
uncontrollable because yx = ¥ for all k.

Assume that the condition 3(a) is not true; i.e., there
exists £ € S! and § € Z such that f(%, ) = g(%,§) = 0;
then

Z + g+ eu(0)f(Z,9)(mod 1) = Z
¥+ eu(0)g(z,9) = 7.

1 (12)

Y1

So (z,%) is a fixed point of the map and the system is
uncontrollable from (z, 7).

Assume that the condition 3(a) is true but. condition
3(b) is not true; i.e., f and g do not vanish simultane-
ously but there exists an € 8! for which there exists
‘nokeZtandz € By, (z) such that g(z’,§) # 0. So
yr = ¢ for all k and the system is uncontrollable from
(o, %0) = (%,9)- L
Proof of the main Theorem 4.1 cont. : To prove the
sufficient part we need to show that if no invariant
manifold for the unperturbed map is invariant for the
perturbed map then the system is controllable. By
proposition 4.2 we know that system is controllable if
and only if controllability conditions are satisfied. So
the sufficient part of the main theorem is equivalent
- to proving that if the controllability conditions are not
satisfied then there exists an invariant manifold for the
perturbed map.

By proposition 4.2, we know that if the condition 1 is
not satisfied then all initial states of the form (zo, ¥0) =
(z,§) are uncontrollable, where = € S! and 7 is such
that g(x,3) = O for-all z € S!. Hence there exists an
invariant manifold of the form {§} x S!.

If Condition 2 in p_roposition 4.2 is not satisfied, then
there exists a ' € Q\ Z and % € 8! for which
there exist no k € Z* and z € Ax(Z) such that
g(rc ,9) # 0. Hence, yp = 7 for all k and there ex-
ists an invariant manifold of the form {g} x N7, where
N = Uie; Ax(Z). When condition 3(a) is not satis-
fied, then there exists a fixed point which is an invari-
ant manifold of dimension zero. When condition 3(b)
is not satisfied, then there exists 7 € Z and ¥ € S!
for which there exists no k € Z+ and = € Bi(Z) such
that g(z’, §) # 0. Hence, yx = § for all k and there ex-
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ists an invariant manifold of the form {§} x N2, where

= U1 Ak (&) u

5 Conclusions.

With the combination of ergodic theory results and
controllability results from control theory, we have
proved the controllability of a discrete time nonlinear
map using arbitrary small control input. The KAM re-
sult hold true for time-independent perturbation. We
proved that when the perturbation is made a function
of time, under weak conditions complete controllability
is obtained.

The control strategy that we pursue stems from [10],
where natural dynamics of the system is used to achieve
controllability on groups. Given that phase space in-
tegrable Hamiltonian systems are foliated by lower di-
mensional tori, these methods prove quite useful. Gen-
eralization to n-degrees of freedom Hamiltonian sys-
tems is being currently pursued.
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